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CONVERGENT SEQUENCES MAGNIFICATION

This is one of a series of very short books on math, statistics, and physics called “Math Magnifi-

cations.” The “magnification” refers to focusing on a particular topic that is pivotal in or emblematic
of mathematics.

OUTLINE

The concept underlying all aspects of calculus is that of a convergent sequence or limit of a
sequence.

We will informally define an infinite sequence of real numbers, denoted sequence for short, in
Chapter I. We will informally define a convergent sequence and its limit in Chapter II, and give

many examples, without proofs. The Appendix will give and illustrate the rigorous definitions of
sequence and convergence.

The only prerequisites for this Magnification are, except for the Appendix, [9]; the Appendix
might be more challenging.

Throughout this Magnification, the symbol “=" means “is defined to be.”

Speaking of definitions, we need to define the factorial of a nonnegative integer:
0! (reads “zero factorial”) =1; 1! (reads “one factorial”) =1; 2! (reads “two factorial”) = 2x1 = 2;

3! (reads “three factorial”’) =3 x 2 x 1 =6; 4! (reads “four factorial”’) =4 x 3 x 2 x 1 = 24;

for any nonnegative integer n,

n! (reads “n factorial’) =nx (n—1)x (n —2) x---5 x4 x 3 x2x 1.
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CHAPTER I: SEQUENCES

We talked about popular sequences of populations in [6]. Here is a more genefal definition. See
the Appendix for a formal definition of sequence.

Informal Definition 1.1. For this Magnification, a sequence will be a set of real numbers
{zn}ply = 21,22, 23,. ..
indexed by the natural numbers N = {1,2,3,4,...}.
Repetition is possible; for example, the constant sequence
1,1,1,1,... or  Ti=lige= ligs =1,25=1, ..
defined by z,, = 1, for all natural numbers n, satisfies our definition of sequence.

The index n is often time, e.g., number of hours after noon, January 1, 2019. For any natural
number n, z, might then be a measurement made at time n, such as the temperature.

In conversational usage, “sequence” or “sequential” implies that order makes a difference; for
example, the sequence

1.5,-1,0,0,0,... or z1=15,20=-1,23=0,24 =0,25=0,...,2, =0 for all n > 3,
is a different sequence than
-1,1.5,0,0,0,... or z1=-1,220=1.5,23=0,24=0,25=0,...,2, =0 foralln > e,

even though each sequence involves only the numbers —1, 0, 1.5.

Examples 1.2. Notation as compact as Definition 1.1 may be used to describe many sequences of
interest. For example, the action of doubling every generation as in [6, Section 3], beginning with
two organisms:

2,4, 8,16;. ..,
may be described as

{2"}as

note that, when n = 1,z, = 21 = 2! = 2,n = 2 makes z, = 25 = 22 = 4, etc.; any member of the
sequence may be calculated by replacing n with the particular value of n that is of interest.

It is worth mentioning our favorite method of getting oscillation:
{(_]‘)n 30:1 — (_1)1’ (_1)2’ (—1)3$ (_1)4, (_1)51 o= —11 la _]-a ]-1 _11 veee

But the reader should be warned that sequences might not have the sort of explicit description
we just illustrated. To construct an arbitrary sequence:

Imagine a fish bowl containing every real number. Get x; by reaching into the fish bowl and pulling
out a randomly chosen real number, then return said number to the fish bowl. Get z, by again
choosing a random real number from the fish bowl, then returning it. Continue sampling “with
replacement” indefinitely. “With replacement” means that every number chosen is put back into
the fish bowl before the next number is chosen; this makes repetition of numbers in the sequence
possible.
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Picture 1.3. We can get a good picture of a sequence, by making the natural numbers N the
horizontal axis in the plane and the real numbers R the vertical axis: for each n = 1,2, 3, ..., make
a fat dot for z, n units to the right of the origin and z,, units above the origin, -as drawn directly
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Example 1.4. Below we have drawn the first three elements of the sequence
{(n? -2n)}, = -1,0,3,8,...
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CHAPTER II: CONVERGENCE

Everyone must deal with error, or, to put it more politely, approzimations. For example, if I'm
buying rutabaga seed for a disc, of radius one mile, of farmland, neither I nor my calculator can
calculate with the actual area of 7 miles squared; whether we admit it or not, we will work with a
decimal approximation of 7. Error is inevitable.

The accuracy of an approximation, meaning the distance between the approximation and the
real value _
| approximation — real value |,

must be worried about.

Two decimal places of a decimal expansion seems to be popular; e.g., 7 ~ 3.14, where “~”
means “is approximately equal to,” a sort of morally compromised equality sign.

There might be circumstances where we are not satisfied with the accuracy of two decimal places.
Retinal laser surgery springs to mind. In general, we don’t know in advance how much accuracy we,
or future conscious entities, might need.

Ideal would be to have any specified accuracy of approximation available; this leads to a sequence
of approximations, from which anyone can select any desired accuracy.

Informal Definition 2.1. Suppose {z,}32; is a sequence and L is a real number. We say that
the limit, as n goes to oo, of z,, equals L, or z,, converges to L as n goes to oo, denoted

im z, =L or x,— L asn — oo,
n—oo

if any specified accuracy, in approximating L with z,, may be guaranteed by making n sufficiently
large; that is,

|zn — L|
may be forced to be as small as we like by making n sufficiently large.

In the picture below, the red dotted line y = L, sometimes called a horizontal asymptote,
is the limit that z,, represented by black dots, is getting arbitrarily close to, as n gets arbitrarily
large.

If, for any n, z, is a physical state at time n, L is an equilibrium state that z,, aspires to, getting
arbitrarily close to L but not necessarily equaling L at any time.

See the Appendix for a formal definition of limit.
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